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We propose a hierachy of nonclassicality criteria in phase space. Our formalism covers the nega-
tivity in phase space as a special case and further adresses nonclassicality for quantum states with
positive phase-space distributions. Remarkably, it enables us to detect every nonclassical Gaussian
state and every finite dimensional state in Fock basis by looking into only three phase-space points.
Furthermore, our approach provides an experimentally accessible lower bound for the nonclassical-
ity measure based on trace distance. We also extend our method to detecting genuine quantum
non-Gaussianity of a state with a non-negative Wigner function. We finally establish our formalism
by employing generalized quasiprobability distributions to demonstrate its power for a practical test
using an on-off detector array.
PACS numbers:
I. INTRODUCTION
Describing a quantum state in phase space, e.g. the
Wigner function [1], is an approach of fundamental im-
portance to examine the quantum nature of a physical
system. It provides a valuable tool of analysis for quan-
tum optics [2], continuous variabe (CV) quantum infor-
matics [3, 4] and other fields of quantum science [5]. As a
distinct quantum feature, the Wigner function may take
a negative value unlike a probability distribution. As a
classical phase-space distribution behaves as a true prob-
ability distribution with non-negative values only, the
negativity of the Wigner distribution is regarded as a def-
inite signature of nonclassicality. However, the negativity
allows us to detect only a subset of nonclassical states.
There exist quantum states with non-negative distribu-
tions, which however can be referred to as nonclassical.
For instance, a squeezed state of light shows nonclas-
sicality via the reduced quantum fluctuation below the
vacuum level, but has a positive Wigner distribution.
Nonclassical states are essential resources for quantum
informatics [6–11]. It is thus important to establish non-
classicality tests [12] reliably informative and widely ap-
plicable beyond the negativity in the phase-space. Of
course, if we obtain a full information on a state by quan-
tum state tomography [13], we may confirm whether the
state is classical or nonclassical. However, it requires ex-
tensive repetitions to attain enough experimental data
for state reconstruction. Furthermore, one should adopt
data manipulation to find a closest state to the acquired
data, which typically does not represent a legitimate
quantum state. This indirect approach renders the sig-
nificance of identified nonclassicality a bit weak. Can
we detect the nonclassicality of a quantum state with
a positive Wigner distribution more reliably and with a
minimal effort?
Banaszek and Wo´dkiewicz showed in a seminal work
[14] that the nonlocality of two-mode Gaussian states can
be tested based on the positve-valued Wigner distribu-
tion following the logic of Bell-test. This method was
further extended to the case of generalized quasiproba-
bility distributions [15] and genuine multipartite nonlo-
cality [16–18]. On the other hand, refs. [19, 20] theoret-
ically proposed and experimentally demonstrated Bell-
like tests in phase space for the single-mode nonclassi-
cality and quantum non-Gaussianity. While these ap-
proaches are remarkable particularly from a conceptual
point of view, they do not detect a broad range of non-
classical states, e.g. the squeezed Gaussian states with
purity less than 0.86 are out of reach.
We here propose a hierachy of nonclassicality test in
the Wigner phase space and demonstrate that our ap-
proach yields an efficient and broadly applicable test for
CV systems. Our formalism constructs an n × n ma-
trix whose elements are obtained by examining n(n+1)2
points in phase space. If the matrix turns out to be non-
positive at any level of n, it reveals the nonclassicality of
the state. It encompasses the negativity in phase space
as the simplest case (n = 1). Remarkably, it is capable
of detecting all nonclassical Gaussian states and all finite
dimensional state in Fock basis at the next level n = 2.
Thus we only need to look into three phase-space points
to verify nonclassicality broadly.
Our approach is fruitful in several other aspects as
well. It provides an experimentally accessible lower
bound for nonclassical distance defined in terms of trace
norm [21]. We further extend our approach to de-
tecting quantum non-Gaussianity [23–35] under energy
constraint. We also establish our formalism to involve
generalized quasiprobability distributions, which can be
testable practically by using an on-off detector array [37].
2II. CRITERIA
We construct an n× n matrix M(n) whose matrix el-
ements are given by
M(n)ij =
pi
2
Wρ
(
βi + βj
2
)
exp
(
− 1
2
|βi − βj |2
)
, (1)
where Wρ(α) =
2
π
tr[ρDˆ(α)(−1)nˆDˆ†(α)] is the Wigner
function of the quantum state ρ [1]. For a classical
state, i.e. a mixture of coherent states having a positive
Galuber-Sudarshan P-function, the matrix M(n) is pos-
itive semidefinite, i.e., M(n)  0 for all n ∈ [1,∞), with
an arbitrary set of parameters {β1, β2, ...βn}. In other
words, we identify a nonclassical state if there exists a
matrix M(n) having a negative eigenvalue,M(n)  0.
Proof ) Every classical state ρc satisfies the inequality∫
d2αPρc (α)|f(α)|2 ≥ 0, (2)
for an arbitrary function f(α) since its Glauber-P func-
tion Pρc(α) is positive definite in the entire phase space.
If we set f(α) =
∑n
i=1 cie
−|α−βi|2 , its absolute square
becomes
|f(α)|2 =
n∑
i=1
n∑
j=1
c∗i cje
−2|α− βi+βj2 |2 × e− 12 |βi−βj |2 . (3)
Using Eqs. (2) and (3) in conjuction with the convolu-
tion between the Galuber-function Pρ(α) and the Wigner
function Wρ(α) [2],
Wρ(α) =
2
pi
∫
d2βPρ(β)e
−2|α−β|2 , (4)
we obtain
∫
d2αPρ(α)|f(α)|2 =
n∑
i=1
n∑
j=1
c∗i cjM(n)ij ≥ 0, (5)
which yields our classicality condition, i.e., M(n)  0.
A. Hierarchy & applicability
Our formulation of nonclassicality naturally encom-
passes the negativity of Wigner distribution as the
lowest-order case of n = 1, i.e., M(1) = π2W (β)  0.
It is fundamentally interesting and practically important
to know how many points in phase space are required for
verifying a nonclassical state. We demonstrate that our
method can detect a broad class of nonclassical states
using only three points in phase space, i.e., the condition
M(2)  0, which outperforms Bell-like nonclassicality
tests in phase space [19, 20].
1. Gaussian states
Our method allows us to detect every nonclassical
Gaussian state by investigating three points in phase
space.
Proof ) Every single mode Gaussian state is a dis-
placed squeezed thermal state. We here focus on x-
squeezed thermal state without loss of generality. For
other squeezed states, we may simply consider a rota-
tion of axis along which we take three test points with-
out affecting the optimality. The Wigner function of our
consideration is given by
Wσ(α = q + ip) =
2µ
pi
e−2e
2(r−rc)q2e−2e
−2(r+rc)p2 , (6)
where µ is the purity of the Gaussian state σ, r and
rc = − 12 logµ represent the squeezing strength and the
critical squeezing strength for nonclassicality, respec-
tively. Using Eq. (33) in Appendix A, we observe that the
lowest eigenvalue of M(2) for the Gaussian state attains
its minimum
λmin,σ = −2µe−(r−rc) coth(r−rc) sinh(r − rc), (7)
when the phase-space points are chosen
along the squeezed axis as {β1, β2} =
{±
√
r−rc
e2(r−rc)−1 ,∓
√
r−rc
e2(r−rc)−1}. λmin,σ in Eq. (7)
is negative for all r > rc, which proves that our method
can detect every nonclassical Gaussian state.
2. Non-Gaussian states
More importantly, our method is also capable of de-
tecting every finite dimensional state in Fock basis by
examining three points in phase space. This includes
all noisy Fock states having positive Wigner functions as
examples. The Wigner function of a finite dimensional
state (FDS), ρ =
∑N
j=0
∑N
k=0 ρjk|j〉〈k|, is given by
Wρ(α) =
N∑
j=0
N∑
k=0
ρjkW|j〉〈k|(α), (8)
where the Wigner function for the operator |j〉〈k| with
j ≥ k [36] is given by
W|j〉〈k|(α)
=
2
pi
e−2|α|
2
(−1)k
√
k!
j!
(2α)j−kL(j−k)k (4|α|2), (9)
with a generalized Laguerre polynomial L
(m)
n (z) =∑n
ℓ=0
(n+m)!
(n−ℓ)!(m+ℓ)!ℓ!(−z)ℓ of degree n and W|j〉〈k|(α) =
W|k〉〈j|(α∗) for j < k. As our criteria of nonclassicality
already include the negativity in phase space as a special
case, we here focus on the case that the Wigner function
3FIG. 1: The minimum eigenvalues λmin of M
(2) for |1〉 (black
solid), |2〉 (red dashed) and |3〉 (blue dot-dashed) under a loss
channel with the effective transmittance η.
of a FDS is positive. Setting β1 = 2re
iϕ and β2 = 0, we
obtain the determinant of M(2) as
detM(2)
=
pi2
4
{
Wρ(2re
iϕ)Wρ(0)−W 2ρ (reiϕ)e−4r
2
}
. (10)
Under the condition Wρ(α) ≥ 0 for all α, the ratio
between two terms, R(r) = Wρ(2reiϕ)Wρ(0)
W 2ρ (re
iϕ)e−4r2
is a con-
tinuous function satisfying R(0) = 1. For the FDS,
we find that limr→∞R(r) = 0 is always satisfied as
Wρ(2re
iϕ) ∝ e−8r2r2N and Wρ(reiϕ)2 ∝ e−4r2r4N for
r ≫ 1. As the ratio is a continuous function of the param-
eter r, there has to be some finite r satifying R(r) < 1,
which yields detM(2) < 0.
As an illustration, in Fig. 1, we plot the minimum
eigenvalue of M(2)ρ for Fock states undergoing a loss
channel Lη with transmittance η, i.e., Lη[|N〉〈N |] =∑N
k=0
(
N
k
)
ηk(1 − η)n−k|k〉〈k|. While |λmin| decreases as
η approaches 0, it is negative in all cases.
III. RELATION TO NONCLASSICAL AND
NEGATIVITY DISTANCES
It is also a topic of great interest to quantify the degree
of nonclassicality for a given state. Among different ap-
proaches, one possible method is to measure the distance
between a given state and its closest classical state, which
is generally hard even if the state is completely known.
We here show that our formalism can provide a lower
bound for nonclassical distance [21, 22] enabling us to
estimate the degree of nonclassicality experimentally.
The nonclassical distance of a quantum state ρ is de-
fined as 12 minρ′∈C ||ρ − ρ′||1, where || · ||1 represents the
trace norm and C the set of classical states. If the non-
classical distance of a quantum state ρ is d, it allows a
decomposition ρ = ρc + d(ρ+ − ρ−) where ρc is its near-
est classical state under the considered trace measure and
dρ+ and −dρ− represent the mixtures of eigenstates for
ρ−ρc with positive and negative eigenvalues, respectively.
FIG. 2: The difference between the minimum eigenvalue λmin
ofM(2) for Sˆ(r){f |2〉〈2|+(1−f)|0〉〈0|}Sˆ†(r) and the quantum
non-Gaussianity bound B(E) as the function of the fraction
f . Increasing the squeezing parameter r from zero to one
half, i.e., r = 0 (red dashed), r = 0.2 (blue dot-dashed) and
r = 0.5 (black solid), we observe that the detectable region
(∆λmin > 0) gets broader.
Note that trρ+ = trρ− = 1. For an operator Oˆ, we have
tr[ρOˆ] ≥ tr[ρcOˆ] + d( min
ρ+∈Q
tr[ρ+Oˆ]− max
ρ−∈Q
tr[ρ−Oˆ]),
(11)
where Q represents the set of legitimate quantum states.
We now set Oˆ =
∑n
i=1
∑n
j=1 u
∗
i ujMˆij where Mij =
tr[ρMˆij ] and u = {u1, u2, ..., un} is the eigenvector for the
lowest eigenvalue ofM. From tr[ρcOˆ] ≥ 0 and |tr[σOˆ]| ≤
n with σ ∈ Q, we obtain
d ≥ −λmin
2n
, (12)
where the inequality |tr[σOˆ]| ≤ n is derived by using
|tr[σMˆij ]| ≤ 1 and
∑n
i=1 |ui| ≤
√
n.
For the case ofM(1), our result in Eq. (12) shows that
the a negative value in phase space directly provides a
reliable estimate for the noncalssical distance. Further-
more, the estimation can be enhanced by increasing the
size ofM(n). ExaminingM(2), we can estimate the non-
classical distance of a state with postive Wigner function.
For instance, using Eq. (7), we find that the nonclassical
distance of the Gaussian state σ in Eq. (6) is bounded by
d ≥ µ
2
e−(r−rc) coth(r−rc) sinh(r − rc). (13)
Thus, we can address the case of all mixed Gaussian
states while a lower bound for nonclassical distance was
derived for pure Gaussian states in Refs. [21, 22].
IV. QUANTUM NON-GAUSSIANITY
Our formalism can further identify quantum non-
Gaussianity, i.e. those states that cannot be represented
as a mixture of Gaussian states. Eq. (7) represents the
4lowest possible eigenvalue of the M(2) for a given Gaus-
sian state. Taking into account the mean photon number
E = tr[ρnˆ] of the state ρ, we then obtain a quantum non-
Gaussianity criterion as
λmin < B(E) ≡ − 2
√
E
(
√
E + 1 +
√
E)
√
1+E−1
, (14)
under the energy constraint.
In Fig. 2, we plot the difference ∆λmin = B(E)−λmin,
between the minimum eigenvalue λmin ofM(2) for a non-
Gaussian state ρ = Sˆ(r){f |2〉〈2|+(1−f)|0〉〈0|}Sˆ†(r) and
the quantum non-Gaussianity bound B(E) with respect
to the fraction f . Sˆ(r) = e
r
2 (a
†)2− r2a2 represents a squeez-
ing operation with a squeezing strength r. For f > 12 , the
state ρ = Sˆ(r){f |2〉〈2|+(1− f)|0〉〈0|}Sˆ†(r) has negative
valued points in Wigner phase space, which are trivial
evidences for the quantum non-Gaussianity. As can be
seen in Fig. 2, our criterion can detect the quantum non-
Gaussianity of the state with f < 12 when the squeezing
strength is sufficiently large, i.e. r & 0.237.
Note that the squeezing operation does not change
quantum non-Gaussianity as it is a Gaussian operation.
In this respect, the result in Fig. 2 also represents the
quantum non-Gaussianity of f |2〉〈2|+(1− f)|0〉〈0| with-
out the squeezing operation.
V. TESTING VIA AN ON-OFF DETECTOR
ARRAY
The Wigner function corresponds to the photon-
number parity of the state under displacement, i.e.
Wρ(α) =
2
π
tr[Dˆ†(α)ρDˆ(α)(−1)nˆ]. To directly measure
it, one thus needs a device that can resolve photon num-
bers, the so-called photon-number resolving (PNR) de-
tector. A widely-used alternative to a PNR detector is
an array of on-off detectors that only register the presence
of photons. We show how our approach can be adapted
to use an on-off detector array instead of a PNR detctor.
Given an array of N on-off detectors, the probability
of registering photons at k detectors is given by [37]
pk[ρ] = tr[ρ :
N
k!(N − k)! (e
− ηnˆ
N )N−k(1− e− ηnˆN )k :], (15)
where η is the detection efficiency of each detector. We
may construct a Wigner-like function by assigning +1
and −1 for even and odd clicks, respectively [38], i.e.∑N
k=0(−1)kpk[ρ˜] with ρ˜ ≡ Dˆ†(α)ρDˆ(α). This gives
W ρ(α) =
2
pi
tr[Dˆ†(α)ρDˆ(α) : (2e−
ηnˆ
N − 1)N :]. (16)
From Eq. (16), we obtain the Wigner-like distribution for
a coherent state |γ〉 as
W |γ〉〈γ|(α) =
2
pi
(2e−
η
N
|α−γ|2 − 1)N . (17)
We should not directly substitue W ρ(α) for the Wigner
function in testing our matrix criteria, which can lead to a
false detection of nonclassicality. For instance, if we take
α1 = 0 and α2 = 2γ, the determinant of M(2) becomes
negative for a classical state when using W |γ〉〈γ|(α). We
can resolve this issue by generalizing our test to involve s-
parametrized quasiprobability function instead of Winger
function (s = 0). We define
M(s,n)ij =
pi(1− s)
2
Wρ
(
βi + βj
2
; s
)
× exp
(
− 1
1− s
|βi − βj|2
2
)
, (18)
where Wρ(α; s) is the s-parametrized quasiprobability
function of the quantum state ρ. Setting f(α) =∑n
i=1 ci exp(− |α−βi|
2
1−s ) leads to
|f(α)|2 =
n∑
i=1
n∑
j=1
c∗i cj exp
(
− |α− βi|
2
1− s −
|α− βj |2
1− s
)
=
n∑
i=1
n∑
j=1
c∗i cj exp
(
− 2
1− s
∣∣∣∣α− βi + βj2
∣∣∣∣
2)
× exp
(
− 1
1− s
|βi − βj |2
2
)
. (19)
From the convolution relation between quasiprobability
distributions [2],
Wρ(α; s) =
2
pi(1 − s)
∫
d2βPρ(β) exp
(
− 2|β − α|
2
1− s
)
,
(20)
we obtian∫
d2αPρ(α)|f(α)|2 =
n∑
i=1
n∑
j=1
c∗i cjM(n,s)ij ≥ 0, (21)
which becomes our generalized classicality condition, i.e.,
M(s,n)  0.
A. Measuring s-parametized quasiprobability
distributions by on-off detector arrays
Examining the counting statistics pk in Eq. (15) for
a displaced state Dˆ†(α)ρDˆ(α), we see that it can be
rephrased as a combination of quasiprobability functions
as
pk 6=N [Dˆ†(α)ρDˆ(α)] =
k∑
m=0
TkmWρ(α;Sm),
pN [Dˆ
†(α)ρDˆ(α)] = 1 +
N−1∑
m=0
TkmWρ(α;Sm), (22)
where Sm = 1 − 2N(N−m)η and Tkm represents the matrix
element of a triangular matrix T (details in Appendix B)
5given by
Tkm =


0 for m > k,(
N
k
)(
k
m
) (−1)k−mNπ
(N−m)η for m ≤ k < N ,
1 for m = k = N .
(23)
Eq. (22) thus yields a linear equation as


p0
p1
· · ·
pN−1
pN

 = T


Wρ(α;S0)
Wρ(α;S1)
· · ·
Wρ(α;SN−1)
1

 , (24)
which leads to

Wρ(α;S0)
Wρ(α;S1)
· · ·
Wρ(α;SN−1)
1

 = T−1


p0
p1
· · ·
pN−1
pN

 . (25)
using the inverse matrix T−1. A triangular matrix is
invertible if and only if all elements on its principal di-
agonal are non-zero [40]. We find that Tii 6= 0 for all
i, which means that we can always sample N differ-
ent s-parametrized quasiprobability distributions from
the photocounting statistics via N on-off detectors us-
ing Eq. (25).
B. Examples
Gaussain states— Similar to Sec. II A, our test in
this realistic setting can detect all nonclassical Gaussian
states using three points in phase space. Remarkably, it
works for all s-parametrized quaiprobability functions.
The s-parametrized quasiprobability function of a x-
squeezed thermal state is given by
W (s)σ (α = q + ip) =
√
ab
pi
exp(−aq2 − bp2), (26)
where
a =
2
e−2(r−rc) − s ,
b =
2
e2(r+rc) − s , (27)
with r and rc representing the squeezing strength and
the critical squeezing strength for nonclassicality, respec-
tively. In Appendix A, we obtain the minimum lowest
eigenvalue of M(s,2)σ as
λmin = − (1− s)
√
ab
2
(
1− c
a
)(
c
a
) c
a− c
< 0, (28)
if the Gaussin state σ is nonclassical (r > rc). It demon-
strates that our method can detect all nonclassical Gaus-
sian states using arbitrary s-parametrized quaiprobabil-
ity function.
Non-Gaussian states— The s-parametrized quasiproba-
bility function of a finite dimensional state (FDS) ρ =∑N
j=0
∑N
k=0 ρjk|j〉〈k| is written by
Wρ(α; s) =
N∑
j=0
N∑
k=0
ρjkW|j〉〈k|(α; s), (29)
where W|j〉〈k|(α; s) for j ≥ k [20] is given by
W|j〉〈k|(α; s) =
2
pi(1− s) exp
(
− 2|α|
2
1− s
)(
s+ 1
s− 1
)k
×
√
k!
j!
(
2α
1− s
)j−k
L
(j−k)
k
(
4|α|2
1− s2
)
. (30)
For the case of M(s,2), if we set β1 = 2reiϕ and β2 = 0,
its determinant becomes
detM(s,2) = pi
2(1 − s)2
4
{
Wρ(2re
iϕ; s)Wρ(0; s)
−Wρ(reiϕ; s)2 exp
(
− 4r
2
1− s
)}
. (31)
Using the same approach employed in Sec. IV, we
can show that there has to be some finite r satisfying
detM(s,2) < 0 for all s less than 1.
VI. CONCLUSION
We have introduced a hierachy of nonclassicality tests
in phase space. Our method allows us to detect a wide
variety of nonclassical states including all nonclassical
Gaussian states and all finite dimensional states in Fock
basis beyond negativity in phase space. We have demon-
strated that our formalism can provide a lower bound
for nonclassical distance and allows us to detect quan-
tum non-Gaussianity of a quantum state with positive
Wigner function. Considering a practical experimental
setup using an on-off detector array instead of photon-
number-resolving (PNR) detectors, we have extended our
test to involve generalized quasiprobability distributions
that can successfully detect nonclassicality broadly.
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Appendix A
We construct a 2× 2 matrix A whose matrix elements
are defined as
Aij =F
(
xi + xj
2
,
yi + yj
2
)
× exp
[
− c
4
(x1 − x2)2 − c
4
(y1 − y2)2
]
, (32)
where F (x, y) = exp(−ax2 − by2) is a Gaussian function
with a > c > b > 0.
Here we prove that the minimum lowest eigenvalue of
A is given by
λmin = −
(
1− c
a
)(
c
a
) c
a− c
. (33)
To this aim, we first argue that the points (x1, y1) and
(x2, y2) minimizing the lowest eigenvalue of A have to be
(1) on x-axis, i.e., y1 = y2 = 0 and (2) symmetric on the
origin, i.e., x1 + x2 = 0. The lowest eigenvalue of A is
given by
λ =
A11 +A22
2
−
√(A11 −A22
2
)2
+A212
=
A11 +A22
2
−
√(A11 −A22
2
)2
+A11A22R, (34)
where
R = exp
[
a− c
2
(x1 − x2)2 + b− c
2
(y1 − y2)2
]
. (35)
For given values of A11 = u and A22 = v, the set of the
points (x1, y1) and (x2, y2) satisfying F (x1, y1) = u and
F (x2, y2) = v form two ellipses having the same center,
directrix and major axis. Under the condition, the ratio
R is maximized at
(x1, y1) =
(
±
√
− logu
a
, 0
)
,
(x2, y2) =
(
∓
√
− log v
a
, 0
)
. (36)
We now set y1 = y2 = 0 and rewrite Eq. (34) as
λ =
A11 +A22
2
−
√(A11 +A22
2
)2
+A11A22(R − 1), (37)
For given value of A11A22 = w, the set of points (x1, x2)
satisfying F (x1, 0)F (x2, 0) = w form a circle. Note that
X − √X2 + Y with Y > 0 decreases as X decreases or
Y increases. Using the inequality between arithmetic
and geometric means, we observe that A1 + A2 and
A1A2(R − 1) are minimized and maximized for given
A11A22, respectively, when x1 + x2 = 0 is satisfied.
From the findings, we now only need to optimize
λ = exp(−ax2)− exp(−cx2). (38)
Examining its first derivative, we obtain the minimum
lowest eigenvalue of A as Eq. (33) at
(x1, x2) =
(
±
√
log a
c
a− c ,∓
√
log a
c
a− c
)
. (39)
Appendix B
Starting from Eq. (15) and a relation between the
expectation value of a normally ordered operator for a
quantum state ρ and its Glauber-P function, i.e., tr[ρ :
f(nˆ) :] =
∫
d2βPρ(β)f(|β|2) for a well-defined function f
[2], we first have
pk[ρ] = tr[ρ :
N
k!(N − k)! (e
− ηnˆ
N )N−k(1− e− ηnˆN )k :],
=
∫
d2βPρ(β)
(
N
k
)
(e−
η|β|2
N )N−k(1− e−η|β|
2
N )k.
(40)
Using P
Dˆ†(α)ρDˆ(α)(β) = Pρ(α+ β), we get
pk[Dˆ
†(α)ρDˆ(α)]
=
∫
d2βPρ(β + α)
(
N
k
)
(e−
η|β|2
N )N−k(1− e−η|β|
2
N )k
=
∫
d2βPρ(β + α)
(
N
k
) k∑
m=0
(
k
m
)
(−1)k−me− (N−m)ηN |β|2
=
k∑
m=0
(
N
k
)(
k
m
)
(−1)k−m
∫
d2βPρ(β)e
− (N−m)η
N
|β−α|2 .
(41)
Employing the convolution relation in Eq. (20) and∫
d2βPρ(β) = 1, we obtain
pk 6=N [Dˆ†(α)ρDˆ(α)] =
k∑
m=0
TkmWρ(α;Sm),
pN [Dˆ
†(α)ρDˆ(α)] = 1 +
N−1∑
m=0
TkmWρ(α;Sm), (42)
where Sm = 1− 2N(N−m)η and Tkm is defined as
Tkm =


0 for m > k,(
N
k
)(
k
m
) (−1)k−mNπ
(N−m)η for m ≤ k < N ,
1 for m = k = N .
(43)
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